We study worldsheet scattering for the type IIA superstring in AdS 2 × S 2 × T 6 . Using the Green-Schwarz action to quartic order in fermions we take the near-BMN limit, where as in the AdS 3 /CFT 2 case there are both massive and massless excitations. For the massive excitations we compute all possible tree-level processes, and show that these agree with a truncated version of the exact AdS 5 × S 5 S-matrix. We also compute several S-matrix elements involving massless excitations. At one loop we find that the dressing phase is the same Hernández-López phase appearing in AdS 5 /CFT 4 . We see the same phase when calculating this by semiclassical means using the P SU (1, 1|2)/U (1) 2 coset sigma model, for which we can also study the scattering of fermions. This supports the conjecture that the all-loop dressing phase is again the BES phase, rather than a new phase like that seen in AdS 3 /CFT 2 .
Introduction
The original AdS/CFT correspondence relates type IIB strings in AdS 5 × S 5 to N = 4 superYang-Mills theory, both of which are maximally supersymmetric with 32 supercharges [1] . Our best understanding of states not protected by supersymmetry comes from the fact that both theories are integrable, which allowed a description valid at all values of the 't Hooft coupling λ [2] [3] [4] . One of the central objects in this picture is the S-matrix [5] and the dressing phase [6] [7] [8] [9] , a scalar factor needed to match the string and gauge theory (spin-chain) equations. While one is generally able to determine the S-matrix via the underlying symmetries of the problem, the dressing phase is more complicated. Nevertheless, it is known to all-loop under the acronym BES or BES/BHL phase [8] . The one-loop term was re-constructed by semiclassical means in [10, 11] , and the phase was observed directly in worldsheet scattering by [12, 13] up to two loops.
The first extension of these ideas to theories with less supersymmetry was the case of IIA strings in AdS 4 × CP 3 and the dual ABJM gauge theory [14] [15] [16] , with 24 supercharges. While this new version of the correspondence has a variety of new features, the dressing phase turned out to be nothing but half the BES phase [15] , leading to the idea that the phase might be universal. This phase has now been confirmed at weak coupling by an eight-loop calculation [17] .
More recently there has been much interest in AdS 3 ×S 3 ×T 4 and the related AdS 3 ×S 3 ×S 3 ×S 1 background , with 16 supersymmetries. The gauge theories dual to these backgrounds are not well understood, but despite this some all-loop progress has been made using integrability.
Here the description in terms of a supercoset sigma model only captures the curved directions, omitting 4 (or 1) flat directions, and this limitation is inherited by the integrable description. However, at least at the classical level, the integrability seems to extend to the full superstring [23] (see also [25] another attempt at incorporating the flat directions). It has emerged that the dressing phase is not the standard BES phase, starting at one loop, as seen in direct semiclassical calculations [20, 28, 34] , in worldsheet scattering calculations [22, 31] , various indirect ways [27, 30] , and in the all-loop proposal of [33] .
In this paper we study strings on an even less supersymmetric background with only 8 supercharges, namely AdS 2 × S 2 × T 6 [40] [41] [42] [43] [44] . This gives an embedding of the AdS 2 × S 2 near-horizon geometry of the 4-dimensional extremal Reissner-Nordström black hole into critical string theory, and it is thought to be dual to a superconformal quantum mechanics (CFT 1 ) [45] . We will approach this from the point of view of integrability [41, 42] , with one of our main goals being to show that the dressing phase is like that of AdS 5 . This was conjectured in [41] but has so far not been checked beyond tree level. Note that in this case the supercoset sigma model represents only a (classically consistent) truncation of the full superstring [41] and many of the standard integrability tools are therefore not applicable without some modification.
We begin by setting up the Green-Schwarz action, extending [44] to fourth order in the fermions using [46] . There are in fact several AdS 2 × S 2 × T 6 backgrounds related by T-duality [41] , and we focus on the type IIA example supported by non-zero RR flux F 2 through AdS 2 (and F 4 flux through S 2 × T 6 ), as in [44] . We then take the near BMN limit, expanding the action up to to sixth order (but keeping only fermions up to quartic order) which is sufficient for one-loop scattering calculations when the external legs are bosonic. As in AdS 3 there is a division between the massive modes, which can be described by a coset model, and the massless modes from the flat torus directions (together with corresponding fermions).
Our results are as follows:
• At the tree-level we compute all possible scattering amplitudes with massive asymptotic states. These results agree with a truncation of the exact AdS 5 × S 5 S-matrix of [5] , as is natural since the classical action can be consistently truncated to AdS 2 × S 2 . We also consider the case where we have asymptotic states mixing massive and massless particles. While most such amplitudes are zero, we see that there are certain states that give non-zero results.
• At one loop we see results consistent with the original Hernández-López phase 1 [7] . We also observe that truncating the model to just the massive modes breaks the agreement with the HL phase.
• We also compute the phase semiclassically, using the coset model and the algebraic curve, 1 There are some technical issues for the one-loop diagrams. Due to a known breakdown of the light-cone gauge fixing at one loop, some of the amplitudes fail to be UV finite. While the one-loop phase still can be extracted unambiguously, we nevertheless compute the remaining terms in the near-flat-space limit [31, 39] .
following [11, 20, 34] . This calculation contains only the massive modes, but nevertheless agrees with the result from the full worldsheet theory, not the truncation to the massive sector.
• As a cross-check we also find certain terms of the one-loop amplitudes in terms of the tree-level results, using the optical theorem and generalised unitarity. For these terms we see perfect agreement.
Outline
Section 2 sets up the action and the BMN expansion. In sections 3 and 4 we study worldsheet scattering amplitudes at tree level and one loop, and connections between these. We then turn to a semiclassical derivation of the one-loop phase in section 5 and end with a summary and discussion in section 6.
In the appendix we demonstrate that the massive tree-level S-matrix agrees with a truncation of the AdS 3 × S 3 × T 4 S-matrix.
The Green-Schwarz Superstring in AdS
The type IIA and IIB Green-Schwarz (GS) string is known in a closed form in a general supergravity background up to quartic order in fermions [46] . We will consider the type IIA to each other by T-dualities along the toroidal directions, see [41] for a detailed discussion.
The type II Green-Schwarz superstring action in a general supergravity background can be expanded in the number of fermions as follows:
Since we anticipate a dual CFT we write the coupling asĝ = √ λ/4π. Since there is no NS-NS flux the purely bosonic Lagrangian is simply
where e i A (X) (A = 0, 1, · · · , 9) are the vielbeins of the bosonic part of the background pulled back to the worldsheet and g ij is an independent worldsheet metric. We write the metric of AdS 2 × S 2 × T 6 in terms of global coordinates like [22] 
The terms quadratic in fermions take the form [47]
The appearance of the matrix K ij is related to kappa symmetry and the Killing spinor derivative D is given below. Furthermore, the quartic fermion terms in the action take the form [46] 2
where the definition of D, M, M and U AB for a general type II supergravity background can be found in [46] . Here we will focus on the AdS 2 × S 2 × T 6 type IIA solution with non-zero F 2 and F 4 flux,
where a, b = 0, 1,â,b = 2, 3 refer to AdS 2 and S 2 respectively, ε 01 = 1 = ε 23 and J is the Kähler form on T 6 which we take to be
Note that this choice of Kähler form breaks the original SO(6) invariance of the T 6 down to U (3). There are also other possible combinations of RR-flux for the AdS 2 × S 2 × T 6 string and the different solutions are related by T-duality [41] .
Using the above the combined flux can be written as
where P 8 is a projector that projects on the eight supersymmetries preserved by the background. Explicitly it is given by
and it commutes with the gamma-matrices of the AdS 2 × S 2 part of the background,
Furthermore, Θ is taken to be a 32-component Majorana spinor and the Killing spinor derivative is given by
2 Our normalization of Θ differs from that of [46] by a factor of √ 2.
The remaining objects appearing in (2.6) reduce, in AdS 2 × S 2 × T 6 , to
where the nonzero components of the Riemann tensor are
With this we have all the necessary ingredients for the upcoming analysis. Of course, the action is invariant under bosonic reparameterizations and fermionic kappa symmetry which need to be fixed in order to extract the physical consequences of the theory.
The BMN expansion
We now look at the near-BMN expansion, for a string moving along the ϕ-direction of S 2 close to the speed of light. Similar analysis for more symmetric versions of AdS/CF T have been performed in [48, 49, 22] .
In order to remove the unphysical fermionic degrees of freedom we will use a standard light-cone kappa symmetry gauge-fixing adapted to the BMN geodesic
Furthermore, introducing light-cone coordinates as x ± = 1 2 (t ± ϕ) the action (2.1) becomes, to quadratic order in coordinates
It is clear from this expression that only the eight supercoset fermions (four after kappa symmetry gauge-fixing), which satisfy Θ = P 8 Θ, get a non-zero mass while the other fermions, 1 − P 8 Θ, remain massless.
The bosonic worldsheet parameterization invariance is fixed by [50] 14) which corresponds to the standard a = 1 2 light-cone gauge, see [3] for details. To lowest order we fix γ ij = η ij and the quadratic Lagrangian becomes (the worldsheet metric has signature (+−) in our conventions)
where
(1 ± Γ 11 )Θ and m is an index running over the eight, massive and massless, transverse directions. Using a real representation for the AdS 2 × S 2 bosons and a complex notation for the remaining T 6 coordinates, the quadratic Lagrangian can be written
where r = 1, 2, i = 2, 3, 4 and j = 1, 2, 3, 4. (See [44] for details.) The complex fields are all charged under the three U (1) symmetries. This is summarised in the following table:
Coset Torus
Beyond the quadratic approximation the BMN expansion gives a series in inverse powers of the coupling
Consistency of the gauge-fixing (2.14) at higher order in perturbation theory demands that we add sub-leading corrections to the worldsheet metric. The precise form of the corrections is found by looking at the equations of motion for x − and their leading-order form is
For the sixth order Lagrangian we need to add further O(g −2 ) corrections. While easily determined via the equations of motions, they nevertheless have a fairly complicated form and we will not present them here. However, and more importantly, the light-cone gauge seems to break down at the one-loop level, at least naively. This is a known problem that has been observed earlier for both the AdS 5 × S 5 and AdS 3 × S 3 × T 4 string in [31] . The breakdown of the gauge fixing results in UV divergent amplitudes for diagonal scattering where all particles carry the same flavor index. We will present a more detailed discussion on this later in the paper.
Expanding the Lagrangian in (2.1) to quartic order in transverse fields we get
We have omitted terms with four fermions because, as it turns out, they will not contribute below. . 4 There are no quartic fermion terms consisting of only massive fermions.
3 Tree-Level Worldsheet Scattering Amplitudes
Equipped with the BMN Lagrangian to sixth order in fields we are now in position to perform explicit worldsheet computations. Our first task will be to determine all possible tree-level two to two scattering amplitudes. S-matrix elements can be calculated at strong coupling by computing four-point functions on the string worldsheet. While the complexity of the problem increases dramatically with each loop order, the tree-level part is fairly easy to determine.
Unfortunately, unlike the other examples of AdS/CF T studied so far, there is no proposal for an exact S-matrix in the AdS 2 /CF T 1 case to compare our results to. It would be very interesting to try to come up with such a proposal based on the symmetries of the problem. The symmetry preserved by the BMN vacuum in AdS 2 × S 2 × T 6 is a u(1) central extension of the semi-direct sum of u(1) and psu(1|1) 2 , as can be seen by looking at the commutant of P + in the symmetry algebra in [41] . This is precisely half of the symmetry of AdS 3 × S 3 × T 4 (modulo central extensions) and roughly the same as that of AdS 3 × S 3 × S 3 × S 1 . However the obvious way to construct an S-matrix with this symmetry by tensoring two su(1|1) S-matrices [51] does not seem to work in this case. Since we have not found a suitable exact S-matrix we will instead compare our massive tree-level scattering amplitudes to a truncation of the exact psu(2, 2|4) S-matrix of AdS 5 /CF T 4 ; see [36, 37] for a similar discussion for the AdS 3 × S 3 × T 4 string. As we will show in appendix A the tree-level massive sector S-matrix exactly matches the one obtained from this truncation.
The S-matrix is normally divided into two factors, a matrix part which in principle may be determined from the underlying centrally extended symmetry algebra, and the dressing phase. We write this as
and expand the dressing phase at strong coupling
defining terms θ (n) . These are order h 0 functions of the momenta in the regime when these are order 1 in the spin-chain normalisation. In the BMN limit, where these momenta are very small, the one-loop phase θ (1) is order 1/h 2 as a result of scaling like p 2 . (That is the topic of section 4.) Expanding S to one-loop order, we arrange the terms as follows:
Thus we define T (0) to include the effect of the AFS phase, but T
(1) to be solely the result of the matrix part. We write this expansion in terms of the coupling h of the integrable structure. This is related to the string theory'sĝ by h = 2ĝ + O(ĝ −2 ), where the absence of corrections up to two loops was shown by [44] .
As in section 2 we use a real representation for the massive bosons, and complex representation for the remaining bosonic and fermionic fields. We introduce creation an annihilation operators as follows:
Massive to massive scattering
We start with recording all massive to massive processes where we will write our results in terms of functions i (3.4) . Furthermore assuming that p 1 > p 2 we find for two bosons
For one boson and one fermion:
And finally for two fermions:
. 5 Here χ = χ 1 and ξ = ξ 1 throughout.
The coefficients i are given by
The above amplitudes can be reproduced by truncating the exact AdS 3 × S 3 × T 4 S-matrix of [32] . However, this truncation is only valid at tree-level which we explicitly demonstrate in appendix A.
Including massless modes
What happens if we scatter particles of different mass? Starting with the simplest case of two massive ingoing and two massless outgoing particles, the allowed possible processes are
where energy and momentum conservation implies
hence p 3 and p 4 have opposite sign. While most amplitudes vanish trivially, this condition forces the remaining to be zero once the energy momentum constraints are satisfied. Hence, all massive to massless processes are zero,
For the case of incoming particles of different mass the situation is more complicated. For simplicity we will only consider the case where the incoming state is purely bosonic. Furthermore, the energy momentum constraints have two solutions: one where the particles of different mass keep their momenta and one where there is a non-trivial exchange. However, integrability implies that the particle can, at most, exchange their momenta and since classical integrability was proved in [41] we will assume this to be the case. Computing the amplitudes gives
where the coefficients are given by
. 6 In the amplitudes we have also included the Jacobian and external leg factors which combined gives an overall contribution
Finally we want to study processes involving only massless particles. Again we will restrict to cases where we have two incoming bosonic particles. From (2.18) it's clear that we will not have any purely bosonic processes since there are no quartic boson interaction terms. However, for an outgoing state of two fermions we find
The first case can be excluded on physical grounds since if the particles have momenta of the same sign, they would never meet.
SU(2) Bethe equations
Based on the
SO(1,1)×U (1) coset a set of Bethe equations were proposed in [41] . Restricted to the SU(2) sector they take the form
where the phase, written in the string frame, is given by
Focusing on M = 2, the right hand side of the equations should reproduce the diagonal tree-level amplitude 1 . A quick calculation gives
which, using (6.2), is in nice agreement with 1 in (3.4) . This confirms that the AFS phase indeed enters with a power of four, see also [44] .
Probing the one-loop sector with tree-level amplitudes
It is a well known fact in quantum field theory that higher order amplitudes partially can be determined via lower loop components. This is an especially powerful tool at the leading one-loop level where almost the full amplitude can be determined via generalized unitarity and the optical theorem. A generic one-loop amplitude in two dimensions, with fourth-and sixth-order interactions, can be written as
where f i are real. The first function is completely determined through s and u-channel contributions while the last two generally have contributions from all types of diagrams. Generalized unitarity allows us to completely determine f 1 , while the optical theorem will give us f 3 .
Generalized unitarity
Here we will closely follow [39] . We start by introducing the notation,
where the primed index denotes an excitation with momentum p 2 . We furthermore introduce 3 and 4 labels for χ and ξ particles. Using this, the s and u-channel cuts are contained in the following two expressions
where J is the relativistic Jacobian. The first function f 1 can be determined from
Focusing on the x 1 x 1 → x 1 x 1 and x 1 x 2 → x 1 x 2 amplitudes we find
Hence the two amplitudes give identical results, something which is expected since, at one-loop, the imaginary part of the amplitude should come solely from the scattering phase which acts diagonally.
Optical theorem
A well known consequence of unitarity of the S-matrix is that the real part of a one-loop amplitude can be obtained via tree-level processes,
For the two processes above, this quantity can be read off from (3.8),
where we choose to write the first amplitude in terms of right moving momenta. We do this to facilitate a simple comparison with later computations performed in the near-flat-space limit.
One-Loop Scattering Amplitudes
In this section we will calculate the one-loop amplitudes for scattering involving the two massive bosons x 1 and x 2 . Some of these amplitudes are divergent in the near-BMN limit, including the diagonal process x 1 x 1 → x 1 x 1 . This can probably be traced back to the gauge-fixing which becomes more involved at the quantum level. For divergent amplitudes we will isolate the finite pieces of the s and u-channel contributions, which still will allow us to determine most terms of the one-loop dressing phase. The non-diagonal processes x 1 x 2 → x 1 x 2 and x 1 x 1 → x 2 x 2 are, however, finite and these amplitudes we determine completely.
A fairly involved computation gives
is the one-loop contribution to diagonal x 1 x 1 → x 1 x 1 scattering and
is the corresponding x 1 x 2 → x 1 x 2 amplitude. The UV finiteness of the second amplitude comes from a delicate cancellation of 1/ terms between four and six order vertices.
For both amplitudes
(1) i we see that the transcendental part is completely reproduced via the tree-level amplitudes in (3.8). Furthermore we also notice that the real part of the second amplitude (1) 2 matches with the terms obtained through the optical theorem in (3.9). Using the standard form of the AdS 5 × S 5 Hernández-López phase 7 in the BMN limit [52, 39] 2 θ HL = 1 πh 2
we see that the imaginary part of (4.1) is identical to this given h = 2ĝ. Thus up to one-loop order the complete dressing phase takes the form
where we point to (3.5) for the classical comparison.
At the one loop level there are additional processes not present at the classical level. For example, x 1 x 1 → x 2 x 2 is one such process and since it turns out to be UV finite we record it here,
By unitarity, the opposite amplitude x 2 x 2 → x 1 x 1 gives the same answer.
Near-flat-space amplitudes and truncation
As we described above, the diagonal amplitude fails to be UV finite. Nevertheless we can still probe parts of the amplitude by using the near-flat-space (NFS) limit of [53] . 8 This limit can be 7 We denote generic one-loop phases by e iθ (1) , and write σ 2 HL = e i2θ HL for this particular phase from AdS 5 . 8 See [49, 31] for related work in AdS 3 and AdS 4 . thought of as a subsector of the BMN string in which we keep only the leading terms under a large worldsheet Lorentz boost:
Since the right-moving sector is boosted, some of the subleading term will be pushed to zeroth order in the large coupling expansion. Keeping only these terms a much simpler Lagrangian, still with non-trivial interactions, emerges
Furthermore, in loop integrals we only have powers of right-moving momenta in the numerator and since these are zero the resulting theory is manifestly UV finite. Also, by simple power counting, it is easy to see that only the quartic vertices contribute. This allows us to circumvent the problem with higher-order gauge fixing encountered for the BMN string and therefore we can determine the complete (NFS) form of the one-loop amplitude. A quick calculation gives (
This amplitude has been computed with and without the massless modes (i.e. full string action and supercoset model respectively). The difference between the two is encoded in the parameter γ,
and thus the only change is an overall numerical factor in front of a single term (which arises from a t-channel type diagram). We also note that, in both cases, the real part is reproduced by taking the NFS-limit of (3.9). Furthermore, for the ten-dimensional case, the imaginary part above is identical to the one-loop corrected NFS amplitude in AdS 5 × S 5 [52] .
For the non-diagonal amplitude, which we can calculate in the BMN limit, the difference between the full string and the supercoset model is more involved
where the dots denote the last three terms in (4.1), i.e. the transcendental terms and real factors. While this amplitude is still UV finite, we see that it changed to a structurally more complicated form. Naturally, since the s and u-channel contributions can be written in terms of tree-level amplitudes, it is clear that any changes observed with the massless modes turned off is in t-channel and six-vertex terms. This follows from the fact that, at the classical level, the equations of motion for the massless states allow for the trivial zero solution. Thus, any terms of a one-loop amplitude which can be expressed in terms of tree-level amplitudes must be invariant under the truncation to the massive sector.
The Semiclassical Dressing Phase
There is another way to calculate quantum corrections to the dressing phase, independently of the above worldsheet calculation. This is the semiclassical calculation following [11] in AdS 5 , where this was used to check [7] . 9 Similar calculations were performed in AdS 3 by [20, 28, 34] ,
where it was seen that the phase is different to that for AdS 5 . The calculation here follows [34] closely, and thus we do not show much detail.
The description of AdS 2 × S 2 as the coset P SU (1, 1|2)/U (1) × U (1) is one of the cases considered by [19] . The Dynkin diagram is thus the Cartan matrix is the same as that for the left sector of AdS 3 × S 3 alone:
There are three quasimomenta p (z), = 1, 2, 3, and the BMN vacuum is given by the same κ = (1, 0, 1) as for
The list of possible modes is also like the left sector of AdS 3 ×S 3 (see for instance [27] 's appendix), which in turn is a truncation of the list in AdS 5 × S 5 :
However the action of the Z 4 symmetry is different here. This is encoded in the matrix S [19] 
This defines the charges
In [34] it was necessary to add a constant twist −p/2 to this resolvent, to account for the fact that a single giant magnon is not a closed string [54] . Here it is clear that this will cancel out of p 2 (z) and thus have no effect.
We are now interested in modes of this solution, and in particular their phase shifts
The giant magnon above leads to the first colum in the following table:
Then we compute the correction [34, 11] 
finding the same coefficients as in [7] :
This is exactly the same result as in AdS 5 × S 5 , including the factors of 2.
We can similarly compute the correction for any other pair of massive states, and they are all the same. The classical solutions being scattered are no longer giant magnons but they can still be constructed using the resolvent (5.2), on the pattern of the modes shown in (5.1). The resulting phase shifts δ r (z) are shown in (5.3), and clearly give the same result in (5.4).
Conclusions
In this paper we have examined worldsheet scattering processes for strings in AdS 2 × S 2 × T 6 .
The resulting magnon S-matrix is the central object in the integrable description of AdS/CFT.
The main result is that the dressing phase is like that of the original AdS 5 integrable theory, at least to one loop. This is interesting in light of the fact that the AdS 3 dressing phase is not the same [20, 28, 33, 34] , which rules out the idea that the BES phase is truly universal. Let us summarise this by writing the AdS 5 phase as
Then the dressing phases in the most famous integrable superstring models are as follows, writing the exact phases alongside their strong-coupling expansions: AFS was noted in [42] , and this is consistent with our tree-level scattering amplitudes. The fact that at one loop we see σ 2 HL (rather than σ 4 HL ) is not inconsistent with the exact phase being θ BES , so long as it is scaled as shown.
In all of this there are two coupling constants: the Bethe coupling h is what appears in the integrable structure, whileĝ = √ λ/4π is (one half) the effective string tension, and is the relevant coupling for the worldsheet string theory. These are related in the present case by
where the absence of corrections up to two loops was shown by [44] in the near-flat-space limit (and up to one loop in the BMN limit). Of the cases in the list (6.1) above, only the AdS 4 case has corrections to this relationship at one loop. 10 Most papers on AdS 5 write only √ λ, building in the fact that this coupling, also known as the interpolating function, is h(λ) = √ λ/2π to all orders [56] .
The relation to the AdS 3 dressing phase is that we have the sum of the left-left and the left-right phases:
θ HL = θ LL + θ LR .
While the phases we call θ BOSST and θ BOSST are thought to be exact [33] , there have so far been no tests beyond one loop. For this reason, and the scaling θ BES (2h) needed in (6.1), a two-loop check would be very interesting here. Two-loop corrections to scattering in AdS 5 's near-flat-space limit were calculated in [13] .
We computed the one-loop dressing phase in two different ways: a worldsheet calculation (drawing Feynman diagrams for the near-BMN action) and a semiclassical calculation (based on soliton energy corrections). The former uses the full Green-Schwarz action and in particular includes all the massless modes, while the latter uses only the coset model, thus omitting the torus directions completely. We see perfect agreement between these two calculations.
This agreement is interesting in light of the fact that deleting the massless modes from the worldsheet calculation (where they appear on internal lines of Feynman diagrams) changes the one-loop correction. This restriction is classically a consistent truncation, but this does not 10 In AdS 4 × CP 3 the relation is h = λ/2 + c + . . . (with λ = N/k giving R 2 /α = 2 5/2 π √ λ). The constant c depends on the cutoff prescription used [55, 49] . The case of AdS 3 × S 3 × S 3 × S 1 appears to be quite similar, at least at α = 1/2 [23, 27, 28] .
guarantee that it is allowed beyond tree level. The scattering amplitudes can change in ways which are not physical, but note that similarly omitting massless modes from the two-point functions in [44] 11 changed a clearly physical two-loop correction to the mass.
It would be interesting to understand this issue of whether the massless modes decouple more thoroughly. As mentioned above it would also be of interest to see whether the two-loop dressing phase is what is predicted by the scaling suggested here.
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